In the pure-gravity sector of the minimal standard-model extension, nine Lorentz-violating coefficients of a vacuum-condensed tensor field describe dominant observable deviations from general relativity, out of which eight were already severely constrained by precision experiments with lunar laser ranging, atom interferometry, and pulsars. However, the time-time component of the tensor field,s TT , dose not enter into these experiments, and was only very recently constrained by Gravity Probe B. Here we propose a novel idea of using the Lorentz boost between different frames to mix different components of the tensor field, and thereby obtain a stringent limit ofs TT from binary pulsars. We perform various tests with the state-of-the-art white dwarf optical spectroscopy and pulsar radio timing observations, in order to get new robust limits ofs TT . With the isotropic cosmic microwave background as a preferred frame, we get |s TT | < 1.6 × 10 −5 (95% CL), and without assuming the existence of a preferred frame, we get |s TT | < 2.8 × 10 −4 (95% CL). These two limits are respectively about 500 times and 30 times better than the current best limit.
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I. INTRODUCTION
Einstein's general relativity (GR) has changed our understanding of gravitation and spacetime for almost one hundred years. The success of GR bases on its theoretical beauty and deep insights [1] , as well as its remarkable accuracy in explaining and predicting experimental phenomena [2] . The three classical tests proposed by Einstein [3] , namely, i) the perihelion precession of Mercury's orbit, ii) the deflection of light by the Sun, iii) the gravitational redshift of light, established GR as the most promising alternative for Newton's gravity theory. Later in 1960s, tests of the Shapiro delay with the transmission of radar pulses [4] , and astronomical discoveries of quasars [5] , pulsars [6] , and cosmic microwave background (CMB) [7] , reinforced GR's empirical foundation and significance in various regimes. Subsequently, the systematic, worldwide efforts after 1960s in tests of gravity have verified GR to high precision [2] .
Today, more aspects of gravitation are being explored. For instance, the Gravity Probe B (GPB) have determined the geodetic and frame dragging effects in GR to 0.3% and 19% respectively, by means of cryogenic gyroscopes in Earth orbit [8] . In a second example, with the technique of timing with giant radio telescopes, the Double Pulsar has verified GR to 0.05%, and GR passed five tests simultaneously in one system [9, 10] . Needless to say, we are going to witness the discovery of gravitational waves (GWs) very soon with the global efforts from the GW communities. With the new developments of ground-based and space-based laser interferometric GW observatories [11] [12] [13] and pulsar timing arrays (PTAs) [14] [15] [16] , a new era of multi-wavelength, * lshao@pku.edu.cn multi-message GW astronomy will soon open novel possibilities to test the foundations of GR, especially to deeply test its strong-field dynamics associated with neutron stars (NSs) and black holes (BHs) [17] .
Why are we continuously testing GR? First of all, gravity is one of the most important forces in the Nature whose sophisticated foundations call for persistent examinations to exquisite precision. Secondly, puzzles associated with gravity still exist both theoretically and observationally. From the theoretical viewpoint, GR fails to make firm physical predictions at the singularities of BHs, which may need an incorporation of quantum fluctuations to evade infinities. In a broader concept, there exist fundamental difficulties in combining GR with quantum principles and quantum field theories of particle physics into a single unified theory, namely quantum gravity, due to the issues associated with nonrenormalizability. Observationally, the phenomena of dark matter and dark energy could be alluring signals suggesting the breakdown of GR at galactic and cosmic scales. Several modified alternative gravity theories beyond GR were proposed to explain these new phenomena as gravitational manifestations, whose predictions need to be verified or falsified with further experiments [18, 19] . Thirdly, with persistent tests, high confidence in GR accumulated from observational facts will reinforce our faith in applying GR under different circumstances, like to the theories of the Global Positioning System [20] and the BH accretion disks [21] .
In this work, we consider the possibility of local Lorentz invariance (LLI) violation in the gravity sector. Such a scenario arises numerous interests recently in the gravity community, for examples, in the theories of Hořava-Lifshitz gravity [22] and Einstein-AEther gravity [23] . In the generic pure-gravity sector of the standard-model extension (SME) in presence of a preferred frame (PF), we derive a new limit on the time-time component of thes µν matrix in the standard coordinate frame. This component hardly plays an role in gravity experiments hence it is difficult to be constrained [24] . Only until recently, Bailey et al. obtained the first empirical limit of |s TT | < 3.8 × 10 −3 (68% CL) from the GPB experiment [25] . Thes TT coefficient has no effect at leading order on the orbital dynamics of binary pulsars if we ignore the relative velocity of the binary to the PF [24] . Following the suggestion in Ref. [26] , we utilize the boost of the pulsar system with respect to the PF to mixs TT with other time-spatial and spatial-spatial components ofs µν through a Lorentz transformation. Because binary orbital dynamics is sensitive to the latter, such a mixture makes a new constraint ofs TT possible. We use the state-of-the-art double-line observations of neutron star -white dwarf (NS-WD) binaries with optical spectroscopy of the former and radio timing of the latter, and obtain the most stringent limit ofs TT up to now. Our result, |s TT | < 1.6 × 10 −5 (95% CL), surpasses the previous limit obtained from GPB by a factor of 500, and further confirms the validity of GR in its precision in describing gravitation.
The paper is organized as follows. In the next section, the gravity sector of SME and its observable effects on the orbital dynamics of binary pulsars are reviewed. Then the full coordinate transformation between the Solar system and the binary is elaborated in section III that is afterwards utilized to mix different components ofs µν . Principles in choosing suitable binary pulsars for the test are stated in section IV A, and numerical simulations of our three NS-WD binary systems, namely PSRs J1738+0333, J1012+5307, and J0348+0432, are presented in section IV B. Discussions on different PFs and strong-field effects associated with NSs are presented in section V. Section VI briefly summarizes the work. The light speed c = 1 is adopted throughout the paper.
II. ORBITAL DYNAMICS OF BINARY PULSARS
The concept of Lorentz symmetry violation is largely motivated by the hope to probe possible "relic effects" at low energy scales from the new physics of quantum gravity, as well as by the needs to perform the strictest tests on the most cherished fundamental principles [27] [28] [29] [30] [31] [32] [33] . With the fact that GR and the standard model of particle physics have passed all exquisite empirical examinations up to now [2, 34] , one would expect that only tiny Lorentz violations are allowed at current experimental energy scales. Therefore, an effective field theory that catalogues all possible angles to deviate from an exact Lorentz symmetry is very helpful in systematically conducting theoretical and experimental studies. SME is the effort along this direction by extending our currently well adopted field theories with Lorentz-violating terms. It initially focused on the matter sector [29, 30] , and lately is extended to include the gravity sector [24, 35, 36] , as well as the couplings between the matter sector and the gravity sector [35, 37] .
In SME, a general Lagrangian in Riemann-Cartan spacetime has the structure L = L LI + L LV , where L LI and L LV are Lorentz-invariant and Lorentz-violating terms respectively [35] . We here focus o the limit of Riemannian spacetime and the pure-gravity sector with Lorentz-violating operators of only mass dimension four or less (dubbed as the minimal SME, or mSME). With above restrictions, we have [24] ,
where g is the determinant of the metric, R is the Ricci scalar, R T µν is the trace-free Ricci tensor, C κλµν is the Weyl conformal tensor, and Λ is the cosmological constant that is set to zero for localized systems.
The extra fields, u, s µν , and t κλµν , are dynamical fields that gain vacuum expectation values,ū,s µν , andt κλµν , through the spontaneous symmetry breaking mechanism [35] , which is similar to the Higgs mechanism in the standard model of particle physics with a vacuumcondensed scalar field [38, 39] . In the Riemannian spacetime with post-Newtonian approximations, consistent treatments were carried out for the fluctuations around these vacuum expectation values, including the massless Nambu-Goldstone modes [24] . The fossilized fieldū can be absorbed into redefinitions of the gravitational constant and other fields [24] . We will assume that proper rescalings are already done hereafter. The tensor fields, s µν andt κλµν , inherit the symmetries of R T µν and C κλµν respectively. It was found thatt κλµν has no effects on physical experiments at leading order under the simplifying yet reasonable assumptions made by Bailey and Kostelecký [24] . Therefore, we will focus on observational effects from the rescaled vacuum expectation values of s µν on the orbital dynamics of binary pulsars. Thes µν field is traceless and symmetric, consequently, in total nine physical degrees of freedom are encoded therein. In Newtonian gravity, a bound orbit of a binary is a Keplerian ellipse. For a binary pulsar, the shape of the pulsar orbit is specified by the semimajor axis, a, and the eccentricity, e. The orientation of the orbit with respect to observers is described by three Euler angles, namely the orbital inclination angle, i, the longitude of periastron, ω, and the longitude of ascending node, Ω (see Figure 1 for a graphical illustration). Kepler's third law relates the orbital size with the orbital period, P b , through
where M ≡ m 1 +m 2 is the total mass of the system (here we identify m 1 as the pulsar mass and m 2 as the com- panion mass). 1 We further define the orbital frequency, n b ≡ 2π/P b , the projected semimajor axis of the pulsar orbit, x ≡ a sin i, and the "characteristic" orbital velocity,
1/3 for later notation simplification. In presence of Lorentz-violating fossil fields, the orbital dynamics of a binary pulsar is modified [24, 26] . By using the technique of osculating elements, Bailey and Kostelecký obtained the secular changes for orbital elements after averaging over one orbital period [24] ,
sin ωs ac + 1 − e 2 cos ωs bc + 2δX eV O cos ωs
cos ωs
where we have defined,
Thes µν fields in Eqs. (4) (5) (6) are defined in the frame that is comoving with the center of the binary pulsar. The components ofs µν are projected onto the spatial coordinate frame (â,b,ĉ) that is attached with the orbit (see Figure 1 ). The transformation between the pulsar frame and the canonical Sun-centered celestial-equatorial frame is discussed in section III.
We will deal with small-eccentricity NS-WD binaries, where in most cases, the orbits are almost perfectly circular due to mutual tide forces, frictional dissipation, and exchange of materials during the evolutionary history [40] . Therefore, instead of e and ω, two LaplaceLagrange parameters, η ≡ e sin ω and κ ≡ e cos ω, are widely used in practice in order to break the notorious parameter degeneracies [41] . In the limit of e 1, it is easy to obtain [26] ,
These formulae will be used in section IV to construct corresponding tests of gravity.
III. COORDINATE TRANSFORMATION
In SME, in order to be compatible with the RiemannCartan spacetime, the Lorentz symmetry breaking is spontaneous with underlying dynamical fluctuations [35] . With this mechanism, the tensorial background,s µν , is observer Lorentz-invariant, while particle Lorentzviolating. Therefore, to experimentally probe the magnitudes ofs µν components, an explicit observer coordinate system should be specified. We adopt the standard Sun-centered celestial-equatorial frame, (T,X,Ŷ,Ẑ), in the experimental studies of SME [24] . In the context of post-Newtonian gravity, it is chosen as an asymptotically inertial frame that is comoving with the rest frame of the Solar system and that coincides with the canonical Sun-centered frame. TheX axis is pointing from the Earth to the Sun at vernal equinox of J2000.0 epoch, and theẐ axis is along the rotating axis of the Earth, and Y ≡Ẑ ×X completes a right-handed coordinate system. For the purpose of this paper, we will assume the existence of a PF for simplicity. The PF can be singled out by the global cosmological evolution or the Universal matter distribution [2, 42, 43] . We will keep the choice of PF general. However, the isotropic CMB frame, which is the most natural choice from the cosmic viewpoint, is kept in mind as a benchmark. This simplification, compared with the most generic case of possible anisotropy in all frames [24, 26] , is discussed in section V.
In the PF, by virtue of rotational invariance, the s µν tensor takes a simple isotropic form [24] ,
Here for numerical reasons, we have denoteds 00 PF to be thes 00 component in the PF. Although thes 00 component ofs µν will in general change under a coordinate transformation, the value ofs 00 PF , which specified in the PF, is fixed. Worthy to mention that, we also naturally havet κλµν = 0 in the PF [24] . If we consider a frame that is moving with respect to the PF with a velocity w ≡ (w X , w Y , w Z ), the s µν matrix takes the form (see Eq. (68) in Ref. [24] ),
wherē
(16) Previous tests of the pure-gravity sector of SME with pulsar observations, no matter with the orbital dynamics of binary pulsars [24, 26, 44] or the spin evolution of solitary pulsars [26, 45] , include no observable effect from the components 00 ≡s 11 +s 22 +s 33 , under the assumption that the Lorentz boost in Eq. (15) is negligible [24] . Therefore, we were only able to constrain the other eight time-spatial and spatial-spatial components ofs µν , even with over-abounded twenty-seven independent tests in Ref. [26] . Nevertheless, with the Lorentz boost, one can clearly see a mixture between thes 00 component and thē s 0j ands jk components (j, k = 1, 2, 3). Although the systematic velocity of a binary pulsar is small (typically, |w| ∼ O(10 −3 )), precision experiments with pulsars can still put a meaningful constraint on thes 00 component with careful studies [26] . This is the main idea of this work that establishes the basis of the test below.
It is worthy to mention that, in the standard postNewtonian frame of SME, we are interested in constraining the components TT , which is the 00-component ofs µν in the standard Sun-centered celestial-equatorial frame, that iss
where w is the velocity of the Solar system with respect to the PF. This rescaling is negligible, nevertheless, it is accounted for in our calculations. Besides the boost in Eq. (15) , one also needs to perform a spatial rotation, R, to align the spatial axes of (â,b,ĉ) and (X,Ŷ,Ẑ),
With the help of an intermediate coordinate system (Î,Ĵ,K) in Figure 1 , one can decompose the full rotation into five simple parts [26] ,
with
where α and δ are the right ascension and declination of the binary pulsar.
Instead of performing such a rotation tos µν in Eq. (15) ors µν w in Eq. (16) 2 , one can decompose the velocity w in the (â,b,ĉ) coordinate frame,
and replace (w X , w Y , w Z ) with (w a , w b , w c ) in Eq. (16) to obtain the desired form ofs µν in the comoving frame of the pulsar system with the spatial axes (â,b,ĉ). To be more explicit, the components of thes µν field that are to be used in Eqs. (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) are [24] ,
where, to reiterate, (w a , w b , w c ) are the components of the 3-dimensional velocity of the pulsar system with respect to the PF, projected on the coordinate frame (â,b,ĉ).
IV. SIMULATIONS AND RESULTS

A. Pulsar systems
In order to perform tests of thes TT component in the pure-gravity sector of SME with binary pulsars, there are several observational requirements that need to be met.
• First of all, because we need the boost to mix different components in thes µν matrix, a measurement of the 3-dimensional velocity of the pulsar system is required. Usually, for a well-timed binary pulsar that is not too far away from the Solar system, we can obtain its proper motion after several years of radio timing. Together with the distance information from the parallax measurement from radio timing, or alternatively, from Very Long Baseline Interferometry (VLBI), we can get the system's 2-dimensional motion projected on the sky plane. In general, the systematic velocity of the binary along its line of sight is not measurable in radio timing. Fortunately, for some NS-WD systems, we can use the orbitally phase-resolved optical spectroscopy of the white dwarf to separate its sinusoidally varying (projected) orbital velocity and its nearly constant systematic radial velocity [48] [49] [50] . We will make use of three small-eccentricity NS-WD binaries with radial velocity measurements, namely PSRs J1012+5307 [46] , J1738+0333 [47] and J0348+0432 [48] .
• As can be seen from Eqs. (4-6), we demand the measurements or upper limits ofė,ω andẋ to perform these tests. Usually, a very good timing precision is needed to achieve these observations. Therefore, only very well timed binary pulsars are considered here (see Table I ). For small-eccentricity binary pulsars, in practice, we use the LaplaceLagrange parameters, η and κ, to break parameter degeneracies within the fitting procedure of times of arrival of radio pulse signals [41] . Therefore, for these pulsars, we will useη andκ in Eqs. (12-13) instead ofė andω. Because for some pulsars, x,η, andκ were not reported along with other timing parameters in their timing solutions pub- [46] , J1738+0333 [47] , and J0348+0432 [48] for the test, from radio timing and optical spectroscopy observations. Parenthesized numbers represent the 1-σ uncertainty in the last digits quoted. The listed Laplace-Lagrange parameter, η, is the intrinsic value, after subtraction of the contribution from the Shapiro delay [41] . For orbital inclination, there is an ambiguity between i and 180
• − i; only the value i < 90 • is tabulated.
PSR J1012+5307 PSR J1738+0333 PSR J0348+0432
Observed lished in literature, we adopt the methodology in Ref. [26] . Whenever inaccessible, we conservatively estimate 68% CL upper limits for these parameters as |Ṗ| upper = √ 12σ P /T obs (P = x, η, κ), where T obs is the time span used in deriving the timing solution. This choice is in accordance with the case of linear-in-time evolution. It is justified, because if there is any large effect from Lorentz violation or other new sources, the changes in these parameters should have been detected already in these systems, or the uncertainties of x, η, and κ derived from times of arrival of pulse signals cannot be too minuscule [26] . Nevertheless, to fully account for all parameter correlations, one will need refitting of times of arrival of these pulsars explicitly with parameters,ẋ,η, andκ, in the timing model.
• The test ofs
TT is possible only if component masses of the binary are measured independently of the timing parameters we are using in the test. Interestingly, such mass measurements were already obtained, thanks to the optical observations of the WD companions, with the three small-eccentricity binary pulsars we are to use [46, [48] [49] [50] . From optical observations, the mass of the WD can be inferred based on the WD atmosphere models and, from the ratio of the (projected) orbital velocities of the WD (from optical spectroscopy) and the pulsar (from radio timing), the mass ratio of two components can be derived. Thereby we can get two component masses without assuming GR to be the correct underlying gravity theory as done in other systems with post-Keplerian parameters [40, 51, 52] . With component masses, one can estimate the mass difference, δX, and the characteristic orbital velocity of the system, V O , basing on the Kepler's third law. Euler angles, i, ω and Ω, is also required to project the 3-dimensional velocity, w, onto the coordinate system (â,b,ĉ). The orbital inclination is calculable from Kepler's law since two masses of the system are known. Because we can only infer sin i from radio timing, there is an ambiguity between i and 180
• − i. The longitude of periastron, ω, is also calculable once η and κ are given. However, the longitude of ascending node, Ω, is generally not an observable. In Ref. [26] , we had to treat it as an unknown quantity uniformly distributed in the range [0 • , 360 • ), that renders the tests as probabilistic tests. In this work, we will develop a robust test fors TT even without knowing the actual value of Ω. The idea is similar to the robust test of the strong-field parameter,α 1 , in the parametrized post-Newtonian (PPN) formalism, in Ref. [44] , and will be elaborated in detail in the next subsection (also see Ref. [54] for a similar idea in testing of strong equivalence principle).
As mentioned, to meet the requirements listed above, we choose PSRs J1012+5307 [46] , J1738+0333 [47] , and J0348+0432 [48] to perform the test ofs TT . They are all well-timed small-eccentricity NS-WD binaries with both radio and optical observations. Besides, these binaries are also relativistic binaries with small orbital periods (P b < 15 hours). This is important, because relativistic orbits boost the figures of merit of the test with larger orbital frequency, n b , and larger characteristic orbital velocity, V O (see Eqs. (11-13)). Relevant parameters for the test of these systems, from radio timing and optical spectroscopy, are tabulated in Table I (see the original publications [46] [47] [48] for details).
B. Constraints ons
TT
We use expressions ofẋ,η, andκ in Eqs. (11) (12) (13) , together with Eqs. (26) (27) (28) (29) (30) (31) (32) (33) (34) , to perform tests ofs TT . Here we assume that the isotropic CMB frame singles out a PF (however, see generalized cases in the next section). Therefore, the "absolute" velocity of the pulsar system, w = w + v, is a vectorial superposition of the velocity of the Solar system to the CMB frame, w , and the velocity of the pulsar system to the Solar system, v. From Wilkinson Microwave Anisotropy Probe (WMAP) experiments, a CMB dipole measurement of 3.355 ± 0.008 mK was obtained, which implies a peculiar velocity of the Solar system barycentre, |w | = 369.0 ± 0.9 km s −1 , in the direction of Galactic longitude and latitude, (l, b) = (263.99
• ± 0.14 • , 48.26 [55] . The 3-dimensional velocities of binary systems, v's, are derived from joint radio timing and optical spectroscopy observations. Direct calculations show that the absolute velocities of binary pulsars are of O(10 −3 ) for three binary systems in Table I .
Because the longitude of ascending node, Ω, is unknown for all three pulsar systems, we scan through its values in the range [0 • , 360 • ). After choosing the orbital inclination between i and 180
• − i, for each given Ω, we can fix the absolute orientation of the coordinate frame (â,b,ĉ) at Newtonian order. The absolute velocity of the binary is projected on the (â,b,ĉ) frame to get its coordinate components, (w a , w b , w c ). Having all these information at hand, from the measured or reasonably estimatedẋ,η, andκ (see Table I ), we can calculate limits ofs TT from Eqs. (11-13) for each Ω. For each binary pulsar, we perform 10 5 Monte Carlo simulations for each value of Ω to account for the observational uncertainties in parameters listed in Table I . From the results of these simulations, we can read out the constraints ofs TT fromẋ,η, andκ separately. The result from PSR J1738+0333 is illustrated in the first three panels of Figure 2 forẋ,η, andκ, as a function of Ω with an orbital inclination i < 90
• (namely, i = 32.6
• ± 1.0 • ). Different colors correspond to 68.3%, 95.5%, and 99.7% CLs. These results remind us the test of the strong-field PPN parameter,α 2 , in Ref. [44] (see their Figures 2-3) , where for some Ω's, the parameter values are basically unconstrained due to "unfavored" geometrical configurations. This is due to the vectorial/tensorial nature of the LLI violation. It happens for theẋ test in Ref. [44] , and it is still true for all three tests here (see Ref. [44] for more discussions).
For theα 2 test in Ref. [44] there is only one "anomalous" parameter entering the test, namelyẋ, while here we have three parameters entering. Therefore, for a given Ω, if ans TT is to pass the test, it should pass all three tests simultaneously. In other words, for a given Ω, we can adopt the tightest constraint ofs TT , out of the three limits fromẋ,η, andκ. Such limits from PSR J1738+0333 with i < 90
• is depicted in the fourth panel of Figure 2 . We can see that, because the unbound situations do not occur simultaneously for all three tests for any given Ω, a quite smooth limit ofs
TT can be attained as a function of Ω. Since there exists no measurement of Ω for PSR J1738+0333 yet, we conservatively read out the worst constraint from the fourth panel of Figure 2 , that gives,
at Ω 90
• . We also plot the case for i > 90
• (namely, i = 147.4
• ± 1.0 • ) in the last four panels of Figure 2 for PSR J1738+0333. It is symmetric with respect to the case of i < 90
• , and the worst limit from the joint constraint (the eighth panel) also gives |s TT | < 1.6 × 10 −5 (95% CL), at Ω 270
• . We claim that this limit is robust instead of probabilistic, in contrast to the limits presented in Ref. [26] where Ω's were effectively "averaged" out in the range [0 • , 360 • ). The limit in Eq. (35) is about 500 times better than the current best (yet unique) limit from the GPB experiment [25] .
The constraints from PSR J1012+5307 are illustrated in Figure 3 as a function of Ω. In this system, it is seen that for the joint limit, there still exist unconstrained regions fors TT around Ω 15 • for i < 90
• (and Ω 195
• for i > 90 • ). The performance of PSR J1012+5307 is in accordance with its performance in theα 1 test in Ref. [44] , where PSR J1738+0333 is better in constraining the PF effects in the PPN formalism as well. Partial reason for this performance will be discussed in the next section.
The constraints from PSR J0348+0432 are illustrated in Figure 4 as a function of Ω. The joint limit shows a smooth constraint versus Ω ∈ [0 • , 360 • ), and from its joint constraint, we get the worst limit,
at Ω 270 • for i < 90
• (and at Ω 90
. It is about five times weaker than the limit from PSR J1738+0333, yet still 100 times better than the GPB limit.
V. DISCUSSIONS
While using the isotropic CMB frame as the PF, we are basically assuming that the PF is determined by the global matter distribution in the Universe, and that the extra vectorial or tensorial components of gravitational interaction are of long range, at least comparable to the Hubble radius. When this is generally the most plausible assumption, it is still interesting to consider other (a) PFs, and further show the power of binary pulsars in constraining LLI violation in the gravity sector. It is straightforward to apply the computations above to other PFs. We here assume that the Solar system is moving with respect to a PF, with a velocity, w . Its magnitude is assumed to be |w | 369 km s −1 , while its direction is (α, δ) when expressed in the equatorial coordinate. For every pair of (α, δ), we perform the test above to get the worst constraint ofs
TT from joint limits ofẋ, η, andκ, for each pulsar. These limits at 68.3% CL are depicted as contours in Figure 5 for PSRs J1738+0333, J1012+5307, and J0348+0432. For the reason of computational burden, we have ignored the measurement uncertainties of parameters except those ofẋ,η, andκ for the illustrated results in the figure. We have checked that this treatment only affects our results at a level < ∼ 20%. We can read out the following results from Figure 5 - • For each pulsar, there are two cones with opposite directions of w that provide almost no constraint ons TT for the worst limit versus Ω. This is similar to the PF tests in Ref. [44] (see their Figure 8 ).
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• With current timing precision, PSR J1738+0333 has a better power, for most directions of w , in constrainings TT over PSRs J1012+5307 and J0348+0432.
• The CMB frame has a direction (α, δ) CMB (168 • , −7 • ), denoted as a red cross in Figure 5 . Compared with the other two pulsars, it is nearer to the "unconstraining zones" of PSR J1012+5307, hence this pulsar provides a much worse constraint ons TT when the CMB frame is assumed to be the PF.
It is interesting to notice that, the "unconstraining zones" of different pulsars are different. Therefore, when combining all constraints from all pulsars can effectively eliminate these "unconstraining zones". The result of such a combination is shown in Figure 6 . It is clearly seen that such a combination indeed eliminates almost all unconstrained directions. The worst directions still provide tight constraints of |s TT | < ∼ O(10 −4 ) at 68.3% CL, where |w | is again assumed to be 369 km s −1 . For a different velocity of the Solar system, the constraint ofs TT can be obtained from our result with a proper rescaling.
Nevertheless, it is dangerous to naively combine limits from different binary pulsars if strong-field effects, associated with NSs, play a significant role. In scalar-tensor theories, Damour and Esposito-Farèse discovered that, within some parameter space, the strong fields associated with NSs can develop nonperturbative gravitational effects which can modify the orbital dynamics significantly. This phenomenon is named as "scalarization" [56] . Although in the Einstein-AEther theory and Hořava-Lifshitz gravity, no similar phenomena were found [57] , there is no formal proof yet that, for gravity theories with LLI violation, similar strong-field dynamics like "scalarization" is absent in general with compact bodies. Therefore, to be conservative, we claim that the limit ofs
TT obtained in this work should be treated as a strong-field limit to its weak-field counterpart. This statement does not necessarily mean that the limit from binary pulsars is "weak", on the contrary, in most cases the limits from strongly self-gravitating bodies are much stronger than the corresponding limits from weakly gravitating bodies. For example, the parameter for the strong equivalence principle violation, ∆, obtained from binary pulsars (see e.g. Refs. [51, 52, 58] ), is in general a factor of C NS /C 0 stronger in terms of the Nordtvedt parameter, than a corresponding limit from a weakly gravitating body with compactness C 0 . For NSs, we have C NS ∼ 0.2, while for the Earth and the Sun, we have C ⊕ ∼ 10 −10 and C ∼ 10 −6 respectively.
In scalar-tensor theories, if the mentioned scalarization happens, the strong-field parameters of gravity theories, such as the PPN parameters, β and γ, will depend on the compactness of the gravitating body. In other words, they become system dependent. If such phenomenon also happens here, we will expect different values ofs TT for PSRs J1738+0333, J1012+5307, and J0348+0432. Nonetheless, if the dynamics is still within the perturbative region of the gravity theory, theses
TT 's will be of similar values, and in this situation, we are eligible to combine results from different binary pulsars, as done in Figure 6 .
Worthy to reemphasize that thes TT constraints here are based on robust designs of tests, in contrast to the probabilistic tests performed in Ref. [26] . The achievement is made possible with multiple observables measured simultaneously. Even without a clear knowledge on Ω, picking the worst limit out of all possible limits makes the test very robust. Such ideas were also proposed in Refs. [44, 54] under different topics on tests of gravity. In the future if we can measure the longitude of ascending node for these binary pulsars, with e.g. interstellar scintillation [59] , we will gain further in constraining the SME parameters.
In the pure-gravity sector of mSME, there are in total nine degrees of freedom to deviate away from GR at leading order [24] . Here to focus on the theme of testinḡ s TT and to reduce the burden of work, we have assumed that there exists a PF where the spacetime is isotropic. Universal anisotropy can exist in principle within the framework of SME. Therefore, the actual constraint in this paper could be a linear combination ofs TT and the other time-spatial and spatial-spatial components of s µν . However, it was already shown in Ref. [26] , that the time-spatial and spatial-spatial components ofs µν were constrained to very small values at levels of O(10 −9 )-O(10 −11 ), and more importantly, with multiple pulsar systems with different positions in the sky, different spatial orientations of orbits, and different 3-dimensional systematic velocities, the limits of these components tend to have very little mutual correlations (see Figure 3 in Ref. [26] ). Therefore, the limit obtained in this paper is reliable even when there exists no PF at all for the gravity sector in SME.
From another viewpoint, in the past few years, the time-spatial and spatial-spatial components in the Suncentered celestial-equatorial frame were already stringently constrained by lunar laser ranging [60] , atom interferometry [61, 62] , and radio pulsars [26] . Among these, the current best limits were obtained from the systematic analysis of 27 tests from 13 pulsar systems [26] . From the joint analysis of orbital dynamics of binary pulsars and spin evolution of solitary pulsars, the components ofs µν were constrained to be, at 68% confidence level, < ∼ 10 Table 1 in Ref. [26] ). Therefore, we can empirically write thes µν field in the Sun-centered frame as 
By writing down the above numerical expression with possibly dominant nonzero components from purely empirical evidence [26, [60] [61] [62] , we are free of assuming the existence of a PF. The calculation to constrain such an s µν is straightforward with the analysis in this paper. With Monte Carlo simulations properly accounting for all measurement uncertainties, we found that the best robust limit ofs TT still comes from PSR J1738+0333, that gives |s TT | < 2.8 × 10 −4 (95% CL) .
It is weaker than the limit with the isotropic frame of CMB as the PF, due to the fact that the boost between PSR J1738+0333 and the Solar system is only about |v| = 74.8 ± 9.5 km s −1 . The systematic velocity is related to the evolutionary history of NS-WD systems [40] . Nevertheless, this limit, free of the assumption that there exists a PF, is still one order of magnitude better than the current best limit.
VI. SUMMARY
In this paper, we propose a new idea to test thes TT component in the pure-gravity sector of mSME by uti-lizing the boost between different frames. A new robust limit, in the standard Sun-centered equatorial-celestial coordinate frame, is obtained from PSR J1738+0333,
|s
TT | < 1.6 × 10 −5 (95% CL) ,
when the isotropic CMB frame is assumed to be the PF.
The limit is about 500 times better than the current best limit from Gravity Probe B [25] . The idea of mixing different components in the condensed (cosmic or even local) tensor fields with a full Lorentz transformation is also applicable in other sectors of SME with careful studies, as demonstrated in Refs. [63] [64] [65] . Although such a boost is usually quite small (e.g. O(10 −3 ) for binary pulsars), with some astrophysical systems, the method could become useful with precision experiments, as done here with the state-of-theart pulsar timing experiments.
